Strongness in semimodular lattices  by Stern, Manfred
Discrete Mathematics 82 (1990) 79-88 
North-Holland 
79 
STRONGNESS IN SEMIMODULAR LATTICES 
Manfred STERN 
Martin-Luther-Universitiit, Sektion Mathematik, DDR-4010 Hal/e, 
German Democratic Republic 
Received 14 October 1987 
Revised 25 May 1988 
Faigle coined the notion of a strong lattice by singling out a property common to the 
join-irreducibles of a finite modular lattice and to the atoms of a geometric lattice. Many 
properties of both these classes of lattices carry over to strong semimodular lattices of finite 
length. Here we give a new characterization for a semimodular lattice of finite length to be 
strong. 
1. Introduction 
In this paper we always denote by L a lattice of finite length with least element 
0 and greatest element 1. If x is a lower cover of y (x, y E L), we write x + y. An 
element u E L is called join-irreducible, if it has exactly one lower cover in L 
which will be denoted by u’. (Let us note that, for lattices of finite length, an 
element #O is join-irreducible in this sense if and only if it is join-irreducible as 
defined, for instance, in Gratzer [5]). By J(L) we denote the set of all 
join-irreducibles of L. 
Faigle [2] was the first to consider what he called a strong lattice. This notion 
can be reformulated as follows: 
Definition. Let L be a lattice of finite length. A join-irreducible u E J(L) is called 
strong if, for any x E L, 
U~XVU implies u C X. 
The lattice L is called strong if each of its join-irreducibles is strong. 
It is immediate that modular lattices of finite length and geometric lattices are 
strong. Moreover, both classes of lattices are semimodular in the sense of the 
following. 
Defiliition. A lattice L of finite length is semimodular if, for a, b E L 
a A b + a implies b + a v b. 
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Thus modular lattices of finite length and geometric lattices are strong 
semimodular lattices. The generalized matroid lattices of Stern [ll] yield 
examples of strong semimodular lattices which are, in general, neither modular 
nor geometric; a general construction principle for strong semimodular lattices is 
given in Reuter [6]. Many properties of modular lattices of finite length and of 
geometric lattices carry over to semimodular lattices of finite length which are 
strong (see Faigle [2] and Stern [14], for example) or to even more general but 
“stronglike” structures (see Faigle [3]). It seems therefore desirable to look for 
characterizations of strongness within the class of semimodular lattices of finite 
length. 
Some characterizations are collected in Reuter [6] and Richter [7]. A 
characterization in terms of a forbidden sublattice was given by Faigle-Richter- 
Stern [4] (See also Richter-Stern [S]). This result was subsequently improved by 
Stern [13]. Using this latter result (cf. Theorem 2 in the present paper) and some 
results of Richter-Stern [9] we give here a new characterization for a semi- 
modular lattice of finite length to be strong (cf. Theorem 5 of the present note). 
For a background in lattice theory we refer to Crawley-Dilworth [l] and 
Gratzer [5]. 
2. Prelimiiaries 
First we observe that Faigle [2] defines strongness only for join-irreducibles. 
We can do this in a suitable way for arbitrary elements of a lattice L (of finite 
length) by taking 
a’dzfV(~‘:~~~(L) and usa). 
This unary “derivation’‘-operation was investigated in many lattice-theoretic 
considerations connected with finitely generated abelian groups. As it turned out, 
this operation is also interesting by itself. It is now natural to extend the notion of 
a strong join-irreducible as follows (See Richter-Stern [9]): 
Definition. Let L be a lattice of finite length. An element a E L is called strong if, 
for x E L, 
a=Sxva’ implies a < x. 
Note that if a(~ L) is a join-irreducible, this definition reduces to the concept of 
a strong join-irreducible. The following result shows that both Faigle’s notion of a 
strong join-irreducible and the notion of a strong element as given in the 
preceding definition are well chosen. 
Proposition 1 (See Richter-Stern [9]). A lattice of finite length is strong if and 
only if each of its elements is strong. 
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Proof. If each element is strong, then, in particular, each join-irreducible is 
strong which means that the lattice is strong. 
Conversely, let L be a strong lattice of finite length. Then by definition each 
join-irreducible of L is a strong element. We show that all elements of L are 
strong. Contrary to this assume that there exists an element a(~ L) which is not 
strong. Then a $ J(L) and there exists an element x E L such that 
a<xva’=b buta#x. 
Since L is of finite length, there exist (by definition of a’) join-irreducible 
elements zli E J(L) (i = 1, . . . , n) such that vi < u and 
a’=V(v’:vEJ(L),vQz)=v;v~--vv~. 
It follows that there exists an irredundant join-representation 
(*) b(=xva’)=xvvj,v..-vvt (lsi,<n). 
This implies, in particular, that 
def 
c = x v q!, v . . . v v,\_, <b 
and c v v,: = b. Thus we have 
Vi, ~ C V Vh. 
On the other hand, vi, #c, since otherwise vh + vi, SC and thus v~: < c which 
means that (*) is not an irredundant join-representation of b. Hence we have 
found that the join-irreducible Uik is not strong. This means that the lattice L is 
not strong, a contradiction. 0 
Next we recall an improved forbidden sublattice characterization for strongness 
in semimodular lattices of finite length which was proved in Stern [13]. Here we 
indicate the most important steps of the proof. 
Theorem 2. Let L be a semimodular lattice of finite length. L is strong if and only 
if it does not contain a hexagon sublattice of the form illustrated in Fig. 1 where the 
jive covers indicated by + are preserved. 
Sketch of proof. Let L be a semimodular lattice of finite length. If L contains a 
sublattice of type Fig. I, then 
ucb vu’ but u#b, 
which means that u EJ(L) is not a strong element. Hence L is not strong. 
Conversely assume that a semimodular lattice L of finite length is not strong. 
We construct a sublattice of type Fig. 1. Since L is not strong, there exists a 
join-irreducible u E J(L) and an element b E L such that 
usb vu’ but u#b. 
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bVu’=bVu 
Fig. 1 
It is easy to see (cf. Richter-Stern [S]) that in this case there exists a pentagon 
sublattice of type Fig. 2. Let S be a pentagon sublattice of type Fig. 2 whose 
length I(S) in L . IS minimal. By Richter-Stern [8] (See also Faigle-Richter-Stern 
[4]) the pentagon sublattice S is embedded in a hexagon sublattice as shown in 
Fig. 3. 
In Fig. 3, the three covers indicated by --c are preserved. Next we show that 
two more covers are preserved, namely 
b-cbvu’ andd+dvu’. 
The reasoning goes along the following lines. If b A u’ = d A u’ + u’, then by 
semimodularity, 
d+dvu’ and b+b vu’. 
Now assume that b v u’ is not an upper cover of b. From the foregoing 
b Vu’ 
bAu 
Fig. 2. 
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bvu’=bvu 
bAu’=bAu 
Fig. 3. 
consideration it follows that d A U’ cannot be a lower cover of U’ in this case. 
Hence there exists an element f E L such that 
b/\u+f<u’. 
Semimodularity implies 
d+dvfcdvu’ andb+bvfSbvu’. 
If we had here b v f <b v u’, then it follows that 
{u, u’, u’ A (b v f), b v f, b v u} 
is a pentagon sublattice of type Fig. 2 and of length <1(S). (A detailed 
computation can be found in Stern [13]). 
This contradicts our assumption that S is a sublattice of minimal length in L. 
Thus b v u’ must be an upper cover of b, that is, 
b+bvu’ 
and it follows that also 
d-idvu’ 
which was to be shown. Cl 
3. A new characterization of strongness in semimodular lattices 
In this section we prove first a result which is both interesting in itself and 
important for our further considerations. 
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Theorem 3 (Butterfly Lemma). Let L be a strong semimodular lattice of finite 
length. Zf 
a=u,v~~~vu, (ui EJ(L); i = 1, . . . , n) 
is an irredundant join-representation and 
ui*su, v . . I ’ V U;-l V Ui V Uj+l V . . ’ V U, (i = 1, . . . , n), 
then 
A (24’: i = 1, . . . , n) = u; v. 
Proof. Introducing the notation 
- def 
ui=u1v-- ’ V Uj-_l V Uj+l V * 
(i=l,..., n) we have 
ui*=~vu~ (i=l, . . . ,n). 
If we had ui 6% v uj = u,?, then we 
contradicts our assumption that 
. v u;. 
- * v u, 
would get ui S& since L is strong. This 
ulv...vu, is an irredundant join- 
representation of a(E L). Thus we have 
Ui~uiV U[=Ui*. 
It follows that 
uj A 24’ = uf + Uj 
and hence by semimodularity 
Consider4;;~;;~;;nt (i=I,. . . ,n). 
dl,2dAfu; v u; v uj v . . . v u,. 
(The following reasoning is illustrated in Fig. 4). 
Fig. 4. 
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If we had ~~~d,,~=(~;vt+v.~. v u,) v u;, then we obtain by strongness 
that 
u2~u;vugv~~~vu,~u,vugv~~~vu”, 
contradicting our assumption that u1 v u2 v . . - v u, = a is an irredundant join- 
representation. Hence we have u2 $ d1,2 which implies 
u2 A d I,2 = u; 4 u2. 
Thus by semimodularity 
d 1,2 + 42 v U2 = UF. 
Similarly we obtain 
d,,2 4 d1,2 v u1 = u;. 
The last two covering relations yield 
u; v u; v ug v . . . v u, = dl,2 = u; A u;. 
(see Fig. 4). Similarly, if 
dj,,d~f~~v~~~~u]~~~~~u;~~~~~u, 
(l<i<kCn), we get 
(**) di,k = u; A u;. 
Consider now the element 
d 
def 
,,2,3 = u; v u; v uj v uq v . * - v u,. 
If we had u3< d1,2,3 = (u; v u; v u4 v * . - v u,) v us, then by strongness u3c 
u; v u; v uq v * * - v u, sU,, contradicting again our assumption that u1 v u2 v 
. . . v u, is an irredundant join-representation of u(EL). Hence u3 =$ d1,2,3 and 
U3 A 42.3 = 3 u’ + u3 which implies by semimodularity 
d 1.2,3 + 42.3 V U3 = 42. 
Similarly we get 
d 1,2,3 -( d2,3. 
The last two covering relations yield 
4,2,3 = 4.2 A 43. 
Because of (* *) we have dl,* = u; A uz and d2,3 = u; A u:. Hence 
d - (U: A U;) A (U; A U;) = UT A U; A U;. 1,2,3 - 
86 M. Stern 
Continuing in this way, we obtain after finitely many steps 
/j (~7: i = 1, . . . , n) = (U; A 24:) A (U; A U;) A.. . A (U;-1 A U,*) 
= dI,z A d2,3 A * * . A d,,-l,, 
= d,,2,3 ,___, ,, = u; v u; v . . . v u:, 
which was to be proved. Cl 
Let us remark that, in the modular case, the Butterfly Lemma was proved by 
Soltan [lo]. In Stern [12] it was extended to generalized matroid lattices as 
introduced in Stern [ll]. It is easy to see that a generalized matroid lattice is a 
strong semimodular lattice of finite length; on the other hand, there are strong 
semimodular lattices of finite length not being generalized matroid lattices. Thus 
Theorem 3 is a further extension of the Butterfly Lemma to a broader class of 
lattices. Let us also remark here that another version of the Butterfly Lemma was 
proved in Richter-Stern [9]. 
Note also that if a semimodular lattice of finite length is not strong, then the 
Butterfly Lemma does not hold any more. To see this, consider the lattice of Fig. 
1 which is semimodular but not strong. In this lattice we have u, b EJ(L), 
b*=uvb’=uvd=a=uvb=u’vb=u*, but a’=u’vb’=u’vd<u*r\ 
b*. 
Denote now by a+ the meet of all lower covers of a(E L), that is, 
a+dzfA(cEL:c+a) 
where L is a lattice of finite length. This concept and its dual play an important 
role in many lattice-theoretic investigations (see e.g. Crawley-Dilworth [l]). By 
means of the Butterfly Lemma it is easy to see that a+ and a’ coincide in strong 
semimodular lattices of finite length: 
Corollary 4. Let L be a strong semimodular lattice of finite length. Then 
a’=a + 
holds for each a E L. 
Proof. From the definition of a+, the Butterfly Lemma, and from the definition 
of a’ it follows that 
a+ G A (ui*: i = 1, . . . , n) = ui v u; v . . . v u; G a’. 
We show now that the converse inequality a’ s a+ also holds. To see this, it is 
sufficient to show that a’ s c holds for each c + a. Consider therefore a lower 
cover c of a(E L) and assume that a’ yk c. Then 
aecva’. 
. 
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Since a (semimodular)lattice of finite length is strong if and only if each of its 
elements is strong (see Proposition l), this implies a G c + a, a contradiction. This 
proves the corollary. 0 
We observe that in Richter-Stern [9] the preceding corollary was proved in a 
broader context, namely: a ’ s a, holds for each a E L of a strong lattice L of 
finite length, and a+ <a’ holds for each a E L of a semimodular lattice of finite 
length. 
We shall now use Corollary 4 and the forbidden sublattice characterization of 
Theorem 2 to prove our main result: 
Theorem 5. A semimodular lattice L of finite length is strong if and only if a’ = a+ 
holds for each element a E L. 
Proof. If a semimodular lattice L of finite length is strong, then a’ = a, holds for 
each a E L by Corollary 4. 
Conversely, we show that if a semimodular lattice L of finite length is not 
strong, then there exists an a E L such that a’ #a+. To see this, let L be a 
semimodular lattice of finite length which is not strong. By Theorem 2, L contains 
a hexagon sublattice of type Fig. 1. (The notation of the following reasoning 
refers to Fig. 2). For the element a = b v u = 6 v u’ we have by the definition of 
a, that 
a, s (d v u’) A b = d. 
On the other hand, by definition of a’ we have that 
a’au’. 
Now equality a’ = a, would imply that u’ <a’ = a, G d, contradicting the fact 
that u’ and d are incomparable elements. Hence a’ #a+ and the theorem is 
proved. Cl 
Let,us close with the following observation. In Richter-Stern [9] it was shown 
that, in a semimodular lattice L of finite length, a, G a’ holds for each a E L. 
Hence we conclude from the preceding theorem that a semimodular lattice L of 
finite length is not strong if and only if there exists an element a E L such that 
a+ <a’. 
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